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We study the following problem raised by von zur Gathen and Roche [6]:

What is the minimal degree of a nonconstant polynomsal f: {0,...,n}—{0,...,m}?
Clearly, when m =n the function f(x)=x has degree 1. We prove that when m=n—1
(i.e. the point {n} is not in the range), it must be the case that deg(f)=n —o(n). This
shows an interesting threshold phenomenon. In fact, the same bound on the degree holds
even when the image of the polynomial is any (strict) subset of {0,...,n}. Going back to
the case m =n, as we noted the function f(x)=x is possible, however, we show that if
one excludes all degree 1 polynomials then it must be the case that deg(f)=n—o(n).
Moreover, the same conclusion holds even if m=0(n'*"7¢). In other words, there are no
polynomials of intermediate degrees that map {0,...,n} to {0,...,m}.

Furthermore, we give a meaningful answer when m is a large polynomial, or even

exponential, in n. Roughly, we show that if m < ("éc), for some constant ¢, and d<2n/15,

then either deg(f) <d—1 (e.g., f(z) = (";"{?) is possible) or deg(f) >n/3—O(dlogn).
So, again, no polynomial of intermediate degree exists for such m. We achieve this result
by studying a discrete version of the problem of giving a lower bound on the minimal L*°
norm that a monic polynomial of degree d obtains on the interval [—1,1].

We complement these results by showing that for every integer k=0O(y/n) there exists
a polynomial f: {0,...,n}—={0,...,0(2%)} of degree n/3—0(k) <deg(f) <n—k.

Our proofs use a variety of techniques that we believe will find other applications as
well. One technique shows how to handle a certain set of diophantine equations by working
modulo a well chosen set of primes (i.e., a Boolean cube of primes). Another technique
shows how to use lattice theory and Minkowski’s theorem to prove the existence of a
polynomial with a somewhat not too high and not too low degree, for example of degree
n—{2(logn) for m=n—1.
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* This research was partially supported by the Israel Science Foundation (grant number
339/10).
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2 GIL COHEN, AMIR SHPILKA, AVISHAY TAL

1. Introduction

In this paper we study the following problem that was raised by von zur
Gathen and Roche [6].

What is the minimal degree of a nonconstant polynomial
f:4{0,....,n} = {0,...,m}?

As f is defined over n+ 1 points, its degree is at most n, so the question
basically asks whether the degree can be much smaller than n. The answer
must of course depend on the choice of m. For example, when m =n we
have the polynomial f(x)=ax whereas when m=1 the degree of f is at least
n—n%52% [6]. Von zur Gathen and Roche observed an obvious lower bound
on the degree of nonconstant polynomials f: {0,...,n} — {0,...,m}, that
follows from the pigeonhole principle, namely, deg(f) > (n+1)/(m~+1). They
also noted that their techniques for the case m = 1 cannot yield bounds
better than n — £2(n) for larger values of m. Thus, prior to this work no
lower bounds of the form n—o(n) were known on the degree of polynomials
f:{0,...,n} - {0,...,m}, when m > 1. We note that von zur Gathen and
Roche were mainly interested in the case that m is independent of n, but
the problem is also relevant when m =n —1 and in fact even for m > n.
In such cases, one should omit other ‘trivial’ examples besides the constant
functions. The reason that a meaningful answer can be obtained is that
the requirement that f takes values in the domain {0,...,m} restricts the
freedom that the coefficients of f a priori had and puts a severe limitation
on their structure. In this paper we focus on the case of large m, although
our results clearly hold for small values of m as well.

The goal to better understand the degree of polynomials is well motivated
by the important role that polynomials (both multivariate and univariate)
play in theoretical computer science. For example, polynomials are promi-
nent in areas such as circuit complexity [16,19,2], learning theory [12,15],
decision tree complexity and quantum query complexity [3], Fourier anal-
ysis of Boolean functions [11,18], explicit constructions (see e.g., [8]) and
more. Understanding the complexity of univariate polynomials is one of the
most important problems in algebraic complexity as it is closely related to
the question of hardness of integer factorization (see e.g., Section B.3 in [7]).

The degree of polynomials is probably the most simple and natural com-
plexity measure that is associated with them. Indeed, a basic question in
the study of polynomials that attracted a lot of interest concerns the min-
imal degree that a polynomial, belonging to some predetermined family of
polynomials, can have. This fundamental question was studied before in the



68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

THE DEGREE OF UNIVARIATE POLYNOMIALS OVER THE INTEGERS 3

context of multivariate real polynomial approximation of Boolean functions
(see the survey [3]), in the study of representations of symmetric Boolean
functions as univariate polynomials [6] (where the problem that we study
here was raised) and in relation to learning symmetric juntas [15,11,18]. In
[18] it was showed that in order to better understand the Fourier spectrum of
symmetric functions one needs to study polynomials f: {0,...,n}—{0,1,2}
and prove lower bounds on their degree, which is exactly the question that
we study here for the case m=2.

Besides its connection to complexity theory, the question of understand-
ing univariate polynomials is important from an approximation theory point
of view. A different angle to look at our problem is asking, for a given degree d
how small can the range of a degree d polynomial mapping {0,...,n} to N be.
This question is a discrete version of a fundamental question in approxima-
tion theory concerning the minimal L® norm of monic polynomials! over the
real interval [—1,1]. That is, the question is what is miny max,c|_1 1 [f ()],
where f ranges over all monic polynomials of degree d. It is well known
that Chebyshev polynomials are the only extremal example. The problem
that we study in this paper basically asks for the minimum L norm that a
monic polynomial of degree d attains at the points I, ={—1,—1+ %, o1}
namely, miny maxzer, |f(x)|, where f ranges over all monic polynomials of
degree d. There is a significant difference from the original question as we
allow the polynomial to take arbitrarily high values on other points in the
interval. While for d < /n one can get a good estimate using the classical
theory of Chebyshev polynomials, this is not the case for larger values of d.
We discuss this connection in more detail in Section 5.1.

1.1. Our results

We prove two main results concerning the degree of polynomials mapping
integers to integers. Both results present a dichotomy behavior. That is,
given a function f: {0,...,n} —{0,...,m}, either deg(f) is very small (we
consider those cases as ‘trivial’) or deg(f) is very high. The first result gives
a strong lower bound when m is not too large (but still larger than n).

Theorem 1.1. For every € > 0 there exists n. such that for every n > n.
and f: {0,1,...,n} — {0,1,...,n"47=¢} cither deg(f) <1 or deg(f) >n—
4n/loglogn.

As an immediate corollary we get that if a polynomial tries to “compress”
the domain even by one value, then it must have a nearly full degree.

L A polynomial is monic if its leading coefficient is 1.
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Corollary 1.2. Let SC{0,...,n} and f: {0,...,n} = S be a nonconstant
polynomial. Then, deg(f)>n—4n/loglogn.

Note that such a strong result cannot hold for m >n as, for example, the
function f(z)=x maps {0,...,n} to itself. Our second main result concerns
larger values of m at the price of a slightly weaker dichotomy.

Theorem 1.3. There exists a constant ng such that if d,n are integers
satisfying d < %n and n > ng, then the following holds. If f: {0,...,n} —

{07--'7 Lﬁ'(%&d)dj} is a polynomial, then deg(f) < d—1 or deg(f) >
in—1.2555- (dIn(%2) — S In(%)).

In other words, besides the (“trivial”) case where deg(f) <d—1, the only
other option is that f has a relatively high degree.

The proof of Theorem 1.3 relies on the following theorem that gives a
lower bound on the maximum value that any monic polynomial must obtain
on the points {0,...,n}.

Theorem 1.4. Let f: R — R be a degree d monic polynomial. Then,
maxj—o1,.n|f(7)]> (%i)d. In particular, if f: Z—7 is a degree d polyno-
mial (not necessarily monic), then

N |f(')‘>l n—dd> 1 n—d\*
i=0en d! 2e ~ V7d 2d '

As mentioned before, this question is a discrete analog of a question
from approximation theory asking for the minimal L* norm of a monic
polynomial of degree d over the real interval [—1,1].

Our next result gives an upper bound on the degree when the range is of
size at most exp(O(y/n)).

Theorem 1.5. For every large enough integer n > 0 and an integer k =
O(y/n) there exists f: {0,...,n} = {0,...,0(2F)} of degree 2k < deg(f) <
n—k.

In particular, by Theorem 1.3, it holds that n/3 —k < deg(f) <n—k.
We note that in [6] von zur Gathen and Roche conjectured that any such
nonconstant polynomial to {0,1} must be of degree n — O(1). While this
conjecture is still open, Theorem 1.5 shows that one can get polynomials
of lower degree when the range is larger, even after excluding the obvious
examples.

Finally, we consider polynomials f: {0,...,n} —{0,1}, where n=p?—1
and p is a prime number. We are able to show that in this case deg(f) >
p? —p>n—+/n. This improves the result of [6] for this special case.
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Lower Bounds on Degree

Ref. Range of f “Trivial” case Excluding “Trivial” case
[6] {0,1} f is constant deg(f)=n
when n=p—1, p is prime
[6] {0,1} f is constant deg(f)>n—n5%
Thm. 1.6 {0,1} f is constant deg(f)>n—+/n
when n=p? —1, p is prime
Cor. 1.2 Sc{0,...,n} f is constant deg(f)>n—4n/loglogn
Thm. 1.1 {0,1,...,n1‘475_€} deg(f)<1 deg(f)>n—4n/loglogn
Cor. 5.7 {0,..., Vz%:(”)z“} deg(f)<1 deg(f)>n/2—2n/loglogn
Thm. 5.6 {0,1,...,n>*%<} deg(f)<2 deg(f)>n/2—2n/loglogn

<
Thm. 1.3 {o,...,{L-(nTj)dJ} deg(f)<d—1|  deg(f)>in—1.2555-
[din (") — 51 (5)]

Upper Bounds on Degree

1 on d o m—dt1
Ex. 5.2 {0,...,( 2 )z(%”)} f=0""7)

Thm. 1.5 {0,...,0(2")} deg(f) < deg(f)<n
k=0(\/n) O(5-) (and n/3—O0(k)

ogn

—k
<deg(f))

Table 1. Summary of Results

Theorem 1.6. Let p be a prime number, n=p?—1 and f: {0,...,n} —{0,1}
be nonconstant. Then deg(f)>p?—p>n—/n.

We summarize our results in Table 1.

1.2. Related work

The most relevant result is the aforementioned work of von zur Gathen and
Roche [6] that raised and studied the question of bounding (from below) the
minimal degree that a real polynomial representing a nonconstant symmetric
Boolean function can have. As any symmetric function f: {0,1}" — {0,1}
is actually a function of the number of ones in x, it can be represented
by a unique polynomial f: {0,...,n} — {0,1} (we abuse notations here
and think of f both as a univariate polynomial and as a symmetric func-
tion). Thus, von zur Gathen and Roche basically studied the question of
giving a lower bound on the minimal degree of nonconstant polynomials
f:40,...,n} = {0,1}. They showed that when n=p—1, p prime, it must
be the case that deg(f)=n (when f is not constant). Using the density of
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prime numbers (see Theorem 2.6) they concluded that deg(f)>n—o(n) for
every n (in the notations of Theorem 2.6, deg(f)>n—1"(n)). For the case of
polynomials taking values in {0,...,m}, von zur Gathen and Roche observed
that deg(f) > (n+1)/(m+1) and mentioned that their techniques cannot
give any result of the form deg(f)=n—o(n). However, they suggested that
“...for each m there is a constant C,, such that deg(f)>n—C,, for all n.” In
particular, when m=0(1), this amounts to having deg(f) >n—O(1). This
conjecture is still open, even for the case m=1.
Another line of work concerning symmetric Boolean functions

f:{0,1}" — {0,1},

has focused on bounding from above the minimal size of a nonempty set S
such that f(S)#0, where f(S) is the Fourier coefficient of f at S. We do
not want to delve into the definition of the Fourier transform, so we only
mention that when f is balanced, i.e. takes the values 0 and 1 equally often,
this is the same as bounding from below the degree of f@PARITY, see [11]
for details. As symmetric Boolean functions can be represented by univariate
polynomials from {0,...,n} to {0,1}, this problem is closely related to the
questions studied here.

A motivation for studying the case m >1 was given in [18] where it was
shown that bounding from below the degree of univariate polynomials to
{0,1,2}, will give an upper bound on the size of such a set S (for which
f(8)#£0), even when f is not balanced. Thus, an advance in understanding
the degree of polynomials mapping integers to integers, that obtain more
than two values, may shed new light on a well studied problem concerning
the Fourier spectrum of symmetric Boolean functions.

1.3. Techniques

The proofs of Theorems 1.1, 1.4 and 1.5 use a completely different set of
techniques. In the proof of Theorem 1.1 we rely on solving systems of dio-
phantine equations by working modulo a well chosen set of primes. The proof
of Theorem 1.4 is more elementary and follows from some averaging argu-
ment. For the proof of Theorem 1.5 we use lattice theory and Minkowski’s
theorem to prove the existence of a polynomial with the required properties.
We shall now extend more on each of the proofs.

We give a very rough sketch of the idea of the proof of Theorem 1.1. Our
goal is to show that every nonlinear polynomial f: {0,...,n} —{0,...,m},
for m~n'4" must have high degree. As the coefficients of f are determined
by the set of values { f(0), f(1),...,f(n)} if deg(f) <n, and in fact are linear
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combinations of them, a natural approach is to look at these dependencies
and prove that one of the coefficients of high degree monomials cannot be
zero. Specifically, representing f in the basis of the Newton polynomials (see
Definition 2.2) we get an explicit and nice formula for each coefficient. If
f is not of high degree, many of those coefficients vanish and this gives a
set of linear equations that the values {f(0), f(1),..., f(n)} must satisfy. In
fact, we manage to get many linear equations from every zero coefficient.
The idea is that if the degree of f is smaller than a prime number p, then
the values f(r) and f(r+p) must be strongly correlated for r€{0,...,n—p}.
Using such correlations for many different primes, we obtain a set of special
linear equations (which we call linear recurrence relations) on the values of
f. A similar approach was taken in [11] (and arguably also in [6]) where the
authors used different primes to obtain information for the case m=1.

It is not clear, however, how to exploit the information from the different
primes. We manage to do so by considering prime numbers that form a ‘nice’
and ‘rigid’ structure that we call a cube of primes. An r-dimensional cube
of primes is a set P=P,s, 5 C{1,...,n} of the form

P = {p—i—Za,ﬁi | al,...,GTE{O,l}},
=1

such that all the elements of P are prime numbers. The idea is that we
can partition P, in many different ways, to pairs of primes such that the
differences, between the primes in each pair, are the same. This enables us
to combine the different linear recurrences obtained from each prime in a
way that reveals more information on the values that f takes.

Theorem 1.3 is an immediate corollary of Theorem 1.4 whose proof goes
along completely different lines than the proof of Theorem 1.1. The idea is
to observe that since f has at most d roots in the interval {0,...,n}, some
point in that interval is relatively far from all roots of f. This immediately
implies that f obtains a large value at this point.

To prove Theorem 1.5 we note that polynomials of degree at most D =
n—k evaluated on 0,1,...,n form a lattice. Since we are interested in the
polynomials that have small coordinates, our problem corresponds to finding
a short vector in a lattice with respect to the L® norm. Using Minkowski’s
theorem, we can prove the existence of a non-trivial polynomial (i.e. of a
not too low and not too high degree) with a small L® norm.
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1.4. Organization

The paper is organized as follows. In Section 2 we give the basic defini-
tions and discuss mathematical tools that we shall later use. In Section 3 we
demonstrate our general technique by considering the case of 2-dimensional
cube of primes. In Section 4 we prove Theorem 1.1 and conclude Corol-
lary 1.2. In Section 5 we prove Theorems 1.3 and 1.4 and discuss their
tightness. We then present the connection to Chebyshev polynomials in Sec-
tion 5.1 and conclude Theorem 5.5 that improves Theorem 1.4 for d</n/2.
We prove Theorem 1.5 in Section 6. Finally, in section 7 we consider the case
m=1 and n=p?—1 for a prime p. We note that the results in Sections 4, 5
and 6 are independent of each other so it is not required to read the paper
in a linear order.

2. Preliminaries

For two integers a,b we denote with [a,b] the set of all integers between a
and b. Namely, [a,b] 2 {c€Z |a<c<b}={a,a+1,...,b}. We also denote
[m] £ [1,m]. We sometimes abuse notation and speak of the real interval
[a,b] (in this case [a,b] = {a <z <b|x €R}). We will always mention the
words ‘real interval’ whenever we speak of the real interval.

For a prime number p and integers a,b we denote a=,b when a and b are
equal modulo p. For a polynomial f(z)=> 1 ,a;z" we denote with spar(f)
the number of monomials in f, i.e. the number of nonzero a;’s. We denote
the family of all polynomials from [0,n] to [0,m] by Fp,(n). Namely,

Fm(n) ={f € Q[z] | deg(f) <n,f:[0,n] = [0,m]}.

Throughout the paper we avoid the use of floor and ceiling in order not to
make the equations even more cumbersome. This does not affect our results
and only makes the reading easier.

We denote by log(:) and In(-) the logarithms to the base 2 and to the
base e (that is, the natural logarithm) respectively.

In the next subsections we present some well known technical tools that
we require for our proofs.

2.1. Stirling’s formula

We shall make use of the well known Stirling approximation for the factorial
function.
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Theorem 2.1 (Stirling’s formula). For every natural number n € N it

holds that nAn
n! = v2mn - (—) et
e

with
# < )\ < —
12n+1 " 12n

A proof of this theorem can be found, e.g., in [17] (see also pages 50-53
of [5]).
2.2. Newton basis

Definition 2.2. For every k€N, define the polynomial (i) as follows

@:) _ x(x—l)--l;:!(:c—k%—l)

The set of polynomials {(i) :keN } is called the Newton basis.

It is easy to see that {(i) 1 k=0,1,..., d} forms a basis of the vector space
of polynomials of degree at most d. An interesting property of the Newton
basis is given in the next theorem (see e.g., problem 36 in [10]).

Theorem 2.3. Let f €Q[z] be a polynomial of degree <n. Then f can be
represented as

@) =§w- () e w:ji(—l)d—f (4) 100

J

As noted in [6], Theorem 2.3 implies that a polynomial f is of degree
smaller than d iff for all d<s<n it holds that

S
. [s .
> 17 (3) 1) = (-1, =
j=0
As an immediate corollary we get the following useful lemma.

Lemma 2.4. Let f: [0,n] — Z be such that deg(f) < d. Then for all r €
[0,n—d] we have that

> <d> (=1 f(+7)=0.
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Proof. For r € [0,n—d] set g (z) = f(z+7). We think of g, as a function
gr: [0,n—7r]—=Z. As deg(g,) =deg(f) <d, and d<n—r Theorem 2.3 implies
that

i(—l)j ()11 = S (-1 (D)ot = .

J J=0

2.3. Lucas’ theorem

The following theorem of Lucas [13] allows one to compute a binomial coef-
ficient modulo a prime number.

Theorem 2.5 (Lucas’ theorem). Let a,b€ N\ {0} and let p be a prime
number. Denote with

a:ao+a1p+a2p2+-'-+akpk,
b:bo+blp+b2p2+'”+bkpk,

their base p expansion. Then

where (‘Zz) =0 if a; <b;.

2.4. The gap between consecutive primes

Denote with p, the n-th prime number. Understanding the asymptotic be-
havior of pp,+1 — pn is a long standing open question in number theory.
Cramér conjectured that py,41—p, =0((logp,)?) and, assuming the correct-
ness of Riemann hypothesis, he proved that p,11—pn = O(\/Drlogpn) [4].
The strongest unconditional result is due to Baker et al. [1].? Denote with
m(n) the number of primes numbers less than or equal to n.

Theorem 2.6 ([1]). For any large enough integer n and any y >n%52°

have that

we

9 y
_ ) > 2. .
m(n) = m(n —y) 2 100 logn

? The main theorem of [1] only claims that there exists a prime number in the interval
[n—n®525 n], however they actually prove the stronger claim that is stated here.
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A

We will usually apply the theorem above to claim, for some integer n, that
there exists a prime number p€ [n—1I"(n),n].

2.5. Linear recurrence relations

Definition 2.7. Let ®(t) = Y.;_ja;t' be a polynomial with rational
coefficients.> For f € Q[z] we define the action of ® on f as

(@of)(x) £ i flz+i).
=0

When we consider ¢ as an operator acting on other polynomials, we call ¢
a linear recurrence polynomial.

From now on we will always denote linear recurrence polynomials with
capital Greek letters: @, W, 7. Following is a list of properties of linear recur-
rence polynomials.

Lemma 2.8. For polynomials f,g and linear recurrences &,9’ the following
claims hold.

. @o feQ[x].

. deg(®o f) <deg(f).

(P4 P )of=Pof+Dof.
. Po(f+g)=Pof+Pog.

. (P-PNof=Po(Pof).

Cr i WO N~

Proof. Properties 1-4 follow trivially from the definition. Property 5 fol-
lows by a simple calculation. Denote, w.l.o.g., ®(t) :Z‘LO a;z' and &' (t) =
> _j—oBja’. We have that

d e
(@ @) o fla)={ D D aipa™ | o f(x)

i=0 j=0

d e
=> ) aiBifx+i+y)

i=0 j=0

3 There is nothing special about Q and the only reason that we use it is that in our
proofs we encounter rational coefficients.
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=> i [ D> Bif(w+i+y)

i=0 j=0

(o f)(x+1)
= (@o(@’of)) (). |
While property 2 of Lemma 2.8 states the obvious fact that applying a
linear recurrence cannot increase the degree, the following lemma assures

that the degree can decrease by (roughly) at most the number of monomials
in the linear recurrence polynomial.

Lemma 2.9. Let f € Q[z] be a nonconstant polynomial and let ®(t) =
Yoy a;-t% be some linear recurrence, ® # 0. Then, for g=®o f we have
that

s—2 g=0

s+deg(g) —1 otherwise.

deg(f) < {

Proof. As @ # 0 we can assume w.l.o.g. that the exponents di,...,ds are
distinct (indeed if they are not distinct then we can rewrite @ as a polynomial
with s’ < s monomials and obtain stronger results). Similarly, if deg(f) <s—2
then we are done. So, we may assume w.l.o.g. that deg(f) > s— 1. Let
f(z) :Zfzo biz', where bp #0. Let L be a (D+1)x (D+1) lower triangular
matrix whose (4,7) entry (for i,j=0,...,D) is L; j=bpij_;- (D?’*i) (where
bp+;—i=0if j>14). This is clearly a lower triangular matrix with a nonzero
diagonal. Let V be a (D—|—1)><3 Vandermonde matrix defined by V; ; £ (d;)* for
1=0,...,Dand j=1,...,s. It is now easy to verify that the coefficients of the
polynomlal g=®of are the result of the matrix-vector multiplication L-V-&
where &= (av,...,a5). Namely, if g(z) :Zi’;o c;wt, then (cp,...,co)=L-V-a.
Thus ¢p_,=(L- V a),. Indeed,

s D
Zazfl"i‘d Z sz] x+d
=1 =0
s D J . ~
B <j>dfk:vk
i=1 7=0 k=0 k
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Hence, the coefficient of 2P~ is
{4+ D~ d .
Z be+p— 7"( > Z azde Z Lr,f(v ’ O‘)@ =
=0 £=0
D
Y Leo(V-d)=(L-V-a),.
=0

As the first s rows (recall that D+1=deg(f)+1>s) of L-V form an invertible
matrix (as a product of a Vandermonde matrix with a lower triangular
matrix that has a nonzero diagonal), we see that the top s coefficients of g
are zero iff @ =0 (which is a contradiction to the assumption that & # 0).
Hence, the degree of g is at least D —s+1=deg(f)—s+1. 1

3. Warm up

In this section we prove some preliminary results that give good intuition to
the proofs of Theorem 1.1 (and also to the proof of Theorem 5.6). Similarly
to other works that studied the degree of polynomials mapping integers
to integers [6,11], we shall consider properties of the polynomial modulo
different prime numbers.

As a first step we show that if f € F,_1(n) is of low degree then it is
actually a constant function. The proof of the lemma already contains some
of the ingredients that we will later use in a more sophisticated manner.

Lemma 3.1. Let f € F,_1(n) be such that deg(f)<n/6—1I(n), then f is
a constant.

Proof. Let pe[n/2,n/2+I'(n)] be a prime number, guaranteed to exist by
Theorem 2.6. Since deg(f) <p, Lemma 2.4 implies that for all r€[0,n/2—
I'(n)] C€[0,n—p] we have that

p

-3 V(1) 106+ =y £0) = £p-47)

=0

In particular, if we define g by g(r) = W, then we have that
g: [0,n/2—I(n)]—[—1,1] (indeed, f(r)— f(p+7r)€[—n+1,n—1]). Clearly,
g+1€ Fa(n). Note that if g is not constant then its degree must be at least
(n/2—1'(n))/3 as one of the values in its range is obtained at least that
many times. Since in this case n/6 —I'(n) < deg(g) <deg(f) we get a con-
tradiction. Therefore, g must be constant. However, in this case we get by
Lemma 2.9 that deg(f) <deg(g)+2—1=1. Indeed, for &(t) = ;1) - ]%tp, it



331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

14 GIL COHEN, AMIR SHPILKA, AVISHAY TAL

holds that g=®o f. Hence, deg(f) <1. Since the range of f is smaller than
its domain (and f takes integer values), f must be constant. ]

Clearly, for m > n, we cannot expect such a strong behavior (that is,
degree 0 as opposed to degree §2(n)). However, the following lemma, which
relies on Lemma 3.1, shows that a slightly weaker dichotomy behavior ex-
ists for m which is roughly quadratic in n. We later strengthen this result
(Corollary 5.7).

Lemma 3.2. Let m< L0 1o an integer and f € Fp,(n) be such that
deg(f)<n/12—1I'(n), then deg(f)<1.

Proof. Let p € [§ —I'(n),5] be a prime number, guaranteed to exist by
Theorem 2.6. As before, Lemma 2.4 implies that for all r € [0,n—p] we have
that

0=>" (1)’“<Z> fk+7r)=p f(r) = f(p+7).
k=0

In particular, if we define g by g(r)= W, then we have that ¢g: [0,n—

pl—[=m/p,m/p]. Clearly, g+ = € Fom (n—p), and
P

om (5= T0)(5 +I(n)
p p
Hence, g+ % is actually in F,,—p,—1(n—p), and

<n-—p.

deg(9+%) < deg(f) < %—F(n) < %—F(n—p)-

Now we can apply Lemma 3.1 to conclude that g+ % is constant. From
Lemma 2.9 it follows that deg(f) <1 which completes the proof. 1

2 2
We note that the choice m < % is very close to being tight. Indeed,

assume that n is odd and consider the function f: [0,n]— [0, "28_ 1] defined
n—1
as f(z)=(",7 ).

An important ingredient in the proof of Theorem 1.1 is the use of prime
numbers that form a structure analogous to a cube. To illustrate our ap-
proach, consider four prime numbers of the form p <p+d1 < p+ds < p+1+0o.
Using Theorem 2.6 one can show that such primes exist and that we can even
choose them so that they all lie in an interval of the form [n/3—o(n),n/3].

Lemma 3.3. Let n be a large enough integer. Then, there exist four prime
numbers
n n
g—F(n) <p<p+d <p+dy<p+d +d<—.

w
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Proof. The lemma follows from the more general Lemma 4.1 that is proved
in Section 4.1, however, for clarity we prove this special case here.
Theorem 2.6 guarantees that for a large enough n there are at least?
I'(n)/12log(n) prime numbers in the interval [n/3 — I'(n),n/3]. Consider
all possible differences between two primes in this set. There are at least,
say, 5(I'(n)/12log(n))? such differences. As all the differences are smaller
than I'(n) it follows that one of the differences is obtained for at least
$(I'(n)/12l0g(n))? I'(n)
I'(n) = 500log?(n)
with (p;1,pi2) where p;1 < p;2. Consider any two distinct pairs in the
set, (p1,1,p1,2) and (p2,1,p2.2). Denote 61 = p12 —p1,1 = p22 — P21 and
d2 = |p1,1 — p21| > 0. We have that 0 < 01 +d2 < I'(n). In particular,
{p11,-.,p22} is the required cube.? ]

many pairs of primes. Denote the i-th pair

As a warmup for our main result and to demonstrate our proof technique
we shall prove here the following easier theorem.

Theorem 3.4. If f € F,,(n), where m<n/7, is nonconstant then deg(f)>
2n/3—2I"(n).

Although the theorem is much weaker than Theorem 1.1, its proof demon-
strates our general technique and, hopefully, will make the proof of Theo-
rem 1.1 easier to follow.

Proof. Let p,01,02 be as guaranteed in Lemma 3.3. Assume for a contra-
diction that f € Fp,(n) is such that deg(f) < 2n/3 —2I'(n) < 2p. Consider
the identity guaranteed by Lemma 2.4 modulo each of the four primes. For
example, taking d=2p (in the notations of Lemma 2.4), we get that for all
r=0,...,n—2p

2p
2
0= 3 V(T 101 =, £6) = 2604 0) + Fp 4D ()
Since | f(r)=2f(p+7r)+f(2p+r)| <2n/7<p, Equation (1) is actually satisfied
over the integers. Namely, f(r)—2f(p+r)+f(2p+7)=0. In the same manner
we get, for all r€[0,n—2(p+ 01+ 02)]

foo(r) £ f(r)=2f(p+7r)+ f(2p+71) =0, (2)
fro(r) & f(r)=2f(p+014+7)+ f(2p+ 26 +7) =0,
foi(r) 2 f(r)=2f(p+d2+71)+ f(2p+ 20, + 1) =0,

4 There is nothing special about 12, it is just a large enough constant.
5 We can of course make sure that p2 1 #p1,2, and hence 81 # 62, by ‘throwing’ away one
pair.
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fii(r) = f(r) =2f(p+ 01+ 02 +7)+ f(2p + 201 + 252 + 1) = 0.

We now show how to combine these equations in a way that will give infor-
mation not only for small values of r (i.e. r<n—2(p+0d1+0d2)) but also for
larger values of r. By considering the following linear combinations of the
equalities fo,...,f1,1 we get that for r€[0,n—2(p+d2+2d1)] it holds that

0= foo(r+201)— fio(r) = f(r+261) — f(r) —2f(p+r+261)
+2f(p+r+61),

0= f(),l(?“ + 2(51) — f171(?“) = f(?” + 2(51) - f(’l”) — 2f(p+ r+ 201 + 52)
+2f(p+ 7+ + 02).

Therefore,

0= (foo(r + 201 + d2) — fro(r +92)) — (fo1(r +201) — f1.1(r))
= f(?“ + 261 + (52) — f(T + (52) — f(?” + 2(51) + f(?”)

Similarly,
0= —5 - (Uoolr +261) = fio(r) = (foalr+251) — fra(r))
= fp+7+201) — flp+7+061) — flp+7+ 201 + &)
+ f(p+r+0o1+9d2)
and

0= foolr+9d1) = fro(r) = foi(r+61) + fii(r)
=f@2p+r+61) — f2p+r+201) — f(2p+ 7+ 51 + 202)
+ f(2p + 7+ 261 + 262).

We thus get the following equations for every 0<r<n—2(p+d;+92):

0= f(r+261+62) — f(r+d2) — f(r+201) + f(r) (3)
0=f(p+7r+28)— flp+r+61)— f(p+7+ 28 + &)

+ f(p+7r+6 + ) (4)
0=f2p+r+06)—f2p+r+25)— f2p+r—+01+2)

+ f(2p+ 7+ 261 + 202). (5)

These equations give linear recurrence relations on the values of f on the
intervals [0,n —2p|, [p,n —p] and [2p,n]. Indeed, Equations (4) and (5) are
equivalent to

0= f(?“ + 251) — f(?“ + 51) — f(?“ + 261 + 52) + f(?“ + 1 + 52) (6)
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0= f(r+0)— f(r+201)— f(r+0+202)+ f(r+201 +25) (7)
for re[p,n—p—2(01+3d2)] and r € [2p,n —2(51 + d2)], respectively. Let

B(t) = (120192 — %2 201 4 ).
(t251 o t51 o t251+62 + t§1+62)‘
(t(51 _ t251 _ t51+252 + t261+262). (8)

It follows that (@o f)(r)=0 for all
r€[0,n—2p—6(61+d2)] U[p,n—p—06(01+02)] U[2p,n—6(d1 + d2)]
(see Property 5 in Lemma 2.8). We have two cases:

e The three ranges are distinct. In this case, $o f has at least 3-(n—2p—
6(d1+02)) >n—18(d1 + J2) many roots.

e The three ranges overlap. In this case, ®o f has at least n—6(d1 + d2)
many roots.

Either way, ®of has at least n—18(1+d2) many roots. We conclude that either
@of =0 or deg(Pof) >n—18(51+d2). As deg(Pof) <deg(f) < Zn <n—18(51+d2)
it must be the case that ®o f = 0. Hence, by Lemma 2.9 it follows that
deg(f)=0(1). However, at this point we can apply Lemma 3.1 and conclude
that f is constant. ]

In the general case, we will not be able to deduce that in (the analogous
equation to) Equation (2) the sum is equal to 0, but rather we will only
bound it from above. Furthermore, we will work with 2¢2(leglogn) many prime
numbers that form a structure of an 2(loglogn)-dimensional cube (in the
sense that {p,p+01,p+d2,p+01+92} is a 2-dimensional cube). This will make
the construction of the relevant @ more complicated, but the high level ideas
will be similar.

4. Proof of Theorem 1

In this section we prove Theorem 1.1. We begin by giving a proof overview.

Let f: [n] = [m], where m =n'475"¢ such that deg(f) <n— 10g412gn. We

shall find a linear recurrence 1" with the following two properties:”

5 The change in the range of r occurs since we want all the evaluations points of @o f
to be inside the interval [0,7].

" Previous techniques take Y(t) := tpT_l for p € [deg(f),n] as the recurrence, which is
range reducing, but not of low-degree. We shall combine information from several primes
to establish this goal.
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1. Low Degree. T is of degree <nc°() and of sparsity n°(%).

2. Range Reducing. The polynomial g=7o f maps [n'] = [—m/,m’] where
n/ =Nn— O(n6+0(1)) and m/ S ﬁ S \/ﬁ

By applying the linear recurrence on again, this time on g, we get a
polynomial h="og that maps [n]— [-m”,m"], where n” =n—O(nct°)
and m”z#jo(l) <1, i.e. h has as least n” roots. By Lemma 2.8, deg(h) <
deg(g) < deg(f) < n”, and we get that h = 0. Using Lemma 2.9, we get
that deg(g) < spar(?’) —2 and by applying the lemma again we get that
deg(f) <spar(Y)+deg(g) —1<2-spar(T) —3<2-deg(?) which means that
f is of much lower degree than we were promised initially. This allows us to
apply Lemma 3.2 and conclude that deg(f)<1.

Proof of Theorem 1.1. For convenience, set p = loglog(n)/2 and m =
nt475=¢ Let f€ Fn(n) be a function such that

2 4
deg(f)<mn-|1—— e —
7 loglogn

As was demonstrated in Section 3, we will consider the behavior of f
modulo various prime numbers that form a high dimensional cube of primes.
The existence (and properties) of this structure is guaranteed by the next
lemma.

Lemma 4.1. Let 0<e<1/2, there exists no(€) such that for any n>ng(e)
and p=loglog(n)/2, there exists a set

w
Pyso.61,00,...8, = {p + Zai - 0; | Vi a; € {0, 1}}

1=0

C Lil — 4D (n), Mil —F(n)]

with the following properties:

Every q€ Pps,.6,,65,....6, 18 a prime number.
0;>0 for all i=1,...,pu.
AéZle d; <nf.

So€[(n),30(n)].

0N =

We defer the proof of the lemma to Section 4.1 and continue with the
proof of Theorem 1.1. We shall consider two subcubes of Py,.5, 4, 4,,....6,- De-

note BéPp;(gl,g%_nﬁH and BOéPp-F&o;él,éz,...,du- Note that in both B, By we do
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not consider shifts by do. Let q € Pp.50.61.65,....5, = BUBp be a prime number.
From the construction of Pps, 6, 4,,....5, it follows that (for a large enough n)

deg(f)<n'<1—i></£2-u<qu- (9)

Combining Lemma 2.4 and Lucas’ theorem (Theorem 2.5) we get that for
every r€[0,n—qu| it holds that

0= (") 1P s =, z; (") st o

i=o 7

Notice that this equality is analogous to Equation (1) from the proof of
Theorem 3.4. Since f € F,(n) we can rewrite Equation (10) as

b |
JZ::O (J) (1Y - flg 1) = Ky (f) - 4, "

where Ky, (f) is an integer satisfying:

2F - m 20 .m m
K < < = — . 2/"‘ . + 2
< m . 22“ — n0.475—6 . 22;1. (12)
n

Thus, instead of summing to 0 as was the case in Equation (2), we get that
the sum equals a relatively small (i.e., at most log(n)-n%4=¢) multiple of
g. In the language of linear recurrence, when applying the linear recurrence

v =3 (1) -y (13)

=0

to f we get

(Wg o f)(r) = Kqr(f) -4 (14)
for every r € [0,n — qu]. We now combine all the different ¥,’s to obtain
a linear recurrence in an analogous way to the way that we combined the
different equalities in (2) to create the linear recurrences given by (3),(4)
and (5). Let p be either p or p+ dp. We will cancel out all the monomials
of the linear recurrence except those whose exponents lie in a small range:
[pk,pk + pA] (recall that A=Y §; <n). Consider the following linear
recurrence for k€ [0, ]

ER) = > (CDZE W s s (1)

Ge{0,1}m (15)
X tzﬁ:l (1_ai)'(i_1)'6i+2¢=k+1 (l—ai)-iﬁi .
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The reason for this complicated looking expression will become clear soon
when we show that this linear recurrence give information about f(r) for
7 € [pk,pk+n— p(p+ A)]. The following claim shows that indeed &7, has

the required property. To simplify the statement of the claim let®

k 1faZ:1
carrp(@)E=i—1 ifa;=0and i<k (16)
1 ifa;=0and ¢>k+1.

Claim 4.2.

@%,k(t) = thP . (—1)k. ('Z) . Z (,1)Zf=1 ai | 43741 Ca k(1) 0i

ac{0,1}»

To ease the reading we postpone the proof of the claim to Section 4.2 and
proceed with the proof of Theorem 1.1. Claim 4.2 has two interesting conse-
quences. The first is that p only appears in the term t*P. The second is that
@%7,{ is actually divisible by ¢*7. In particular if we set

By k() = P 1, (1) /7 (17)

then we get that @; ) gives a recurrence relation for every r € pk+[0,n—
w(p+A)])=[pk,pk+n—pu(p+A)]. This is similar to the way that we obtained
Equations (6),(7) from Equations (3),(4) and (5). Furthermore, since we
factored out the term t*?, it follows that

Py e = Ptk (18)

We now wish to better understand the value of @5 ;o f. Equations (14),(15)
and (17) imply that one can write (@50 f)(r) as

(P 0 f)(r) = Z (‘UZZ 1Y Ky la“s)r )‘(ﬁ-l-Zai'&), (19)
i=1

ac{0,1}»

where

Ql\

k
A, Zl—aZ (1—1) 6+Z (1—ag)-i-6;.°

i=k+1

8 In the proof of Claim 4.2 we use the more general notation ca (7).
% Notice that 75 € [0,n — pu(p + 3%, ai - 6)).
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Rewriting (19) gives

o
(@pk o)) = Los(f) - B+ D> Mpir(f)- b, (20)
i=1
where }
Lis(N2 Y (DT Ky sy () (21)
ac{0,1}#
and

Myir(f)2 > (m1E=m. Kes ags . (f)- (22)

E[E{O,l}“:ajzl
From the bound in Equation (12) it follows that
Lo (£ < 2900457 and - [My ()] < 291 n®45e (23)

The following claim shows that we actually have L, . (f) = Lpts50(f) =0,
so, in fact,

“w
(@pr o f)(r) = Myir(f)- i (24)
=1
Therefore,
’(dsﬁ,k o f)(?“)| < 23;171 . n0.475*€ A < 23#*1 . n0.475. (25)

Claim 4.3. L,,(f)=Lyi5-(f)=0.

We defer the proof of the claim to Section 4.2 and proceed with the proof
of the theorem. The good thing about Equation (25) is that it will allow us
to reduce to the case of a polynomial with a bounded range. This somewhat
resembles the way that we concluded the proof of Theorem 3.4, although it
is done in a slightly more involved manner. Let

h%

Y(t) =[] Ppi(t) and Tk(t):qj(t:.
i=0 P,

We now bound the value of

g(r) £ (Yo f)(r)

for r € [kp,kp+n — pu(p+ A) — deg(2})]. Notice that g(r) = (Ty o (Ppi o
f))(r). Furthermore, Y}, (¢) =[], 1, @p,i(t). Claim 4.2 implies that each ®,;(t)

contains 2¥ monomials 1%, and that its coefficients are upper bounded (in

10 Note that here we allow different monomials with the same exponent.
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absolute value) by 2#. Therefore, since 7j(t) is a product of u such @,,;’s, it
follows that 1% (t) is a sum of 2#” monomials with coefficients upper bounded

(in absolute value) by 2#” . Moreover, as a polynomial, the degree of each
®pi(t) is at most p- A (this follows as cg g, < ). Hence, the degree of 15(t)

2
is at most p?-A. Thus, we have that 1 (¢) :Z?il ;- t% where 0<d; <p?-A
and |a;| <2*°. This implies that for every k€0, ] and every!!
r €Iy = [kp kp+n — p(p+ A) — deg(T)],

we have that

on’
9| = 1Yk o (Bpi o ()] =D i (Bpio f)(r+ di)
i—1

on?
< Z |az| . |(¢p,k o f)(’l” + dz)| < 2,u2 . 2,u2 .93u—=1 0475 < n0.475+0(1)’
i=1
(26)

where we also used the bound on |9, o f| given in (25). Notice that the size
of the interval I}, satisfies

gl =n—p(p+ A) — deg(T3) + 1

n n
>n—p(—— T —deg(?%) +1> —— >
me (e - D)~ deg(T) 41> 1 >

and therefore every two consecutive intervals I and Iy, have a nonzero
intersection. Hence, we conclude that for every r € [0,n — pA — deg(Y,,)]
(note that n —puA —deg(Y),) is the endpoint of I,,) it holds, by (26), that
lg(r)| <0475+ <705 We thus have that

g: [0,n — pA — deg(T,)] — [-n?,n%?]. (27)
In addition we have (by Lemma 2.8) that

deg(g) < deg(f) < pp. (28)

We now would like to show that deg(g) is much smaller than up and then
use Lemma 2.9 and Lemma 3.2 to conclude that f is of degree at most 1.
Before applying Lemma 2.9, we must ensure that @, (t) #0.

Claim 4.4. For every k€0, ] it holds that @, ;(t)#0.

' The drop by deg(Y%) in the range of relevant r’s is so that r+d; will be in the range
[kp, kp+n—pu(p+A)].
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We defer the proof of Claim 4.4 and continue with the proof of the The-
orem. Assume first that ¢ is not a constant. The point is that now we can
repeat the whole proof for g instead of f, with n’=n—pA—deg(7),) instead
of n. Note that due to the bound on the range of g we get that Equation (12),
applied to g instead of f, gives

UL . n0.5 _ U n0.5
q n/(p+2)

Thus K,,(9) = 0. Continuing, we see that (@5ro0g)(r) = 0 for r €
[pk,pk+n' — u(p+ A)]. Therefore, if we define h="7og then for every k € [0, ]
and r € I}, = [kp,kp+n' — u(p+ A) — deg(Y},)] we have that h(r)=0. As be-
fore, we see that any two consecutive intervals I} and I}, 41 have a nonzero
intersection. Indeed

< 1.

[Kqr(9)] <

[Tkl =n" = p(p+ A) — deg(2) + 1
=n— pp — 2uA — deg(Yy,) — deg(Y,) + 1

) gy (" _ 2
> n M(lHl I'(n)) — 2(pA + p~A)

> i >
PR

where inequality (x) follows from the properties of the construction in
Lemma 4.1. It therefore follows that h(r) is zero for all r € [0,n — pA —
deg(7},)]. Since

deg(h) < deg(g) < deg(f) < (u+1)p <n' — pA —deg(7y),
we get that h=0. By Lemma 2.9,
deg(g) < spar(Y) — 2.
Applying Lemma 2.9 again yields that!?
deg(f) < deg(g)+spar(7)—1 < 2-spar(7)—3 < gututl 3 o(n). (29)

Lemma 3.2 now implies that f is of degree at most 1. This completes the
proof of the theorem (the omitted proofs are given in Sections 4.1 and 4.2). I

Corollary 1.2 follows immediately from Theorem 1.1. Indeed, as S is
contained in and not equal to the domain [0,n], any function with degree at
most 1 is in fact a constant function.

12 If =0 then one needs to replace deg(g) by —1 in (29).
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4.1. A cube of primes

We shall now prove Lemma 4.1. As in the proof of Lemma 3.3, the proof of
Lemma 4.1 is by the pigeonhole principle and relies on Theorem 2.6.

Proof of Lemma 4.1. The high level idea is the same as in the proof of
Lemma 3.3. However, since we are looking for u-dimensional ‘cubes’ it will
be convenient to first prove the following combinatorial lemma. Note that
the lemma does not necessarily concern prime numbers.

Lemma 4.5. Let ACJaj,az] and let
C=as—a;, a=]|A|/L.

Then, if r <loglog(¢) —loglog(2), there is an r-dimensional ‘cube’ which is
a subset of A

.
Prsy...5. = {m + ) ai- 6 | Via; €10, 1}} C A,

i=1
where 6; >0 for i=1,2,...,r.

Note that we do not require that the §;’s are distinct.

Proof. We shall prove, by induction on r that for every r € [0,loglog(¢) —

log log(%)], there exist d1,...,0, such that there are at least fﬁ‘—: r-
dimensional cubes Py, 5. (with different 2’s) inside A.

The case r=0: This case is trivial as there are exactly £-a=|A| elements
in A, each is a 0-dimensional ‘cube’.

The induction step: Assume that we already proved the claim for r and we
wish to prove it for r+1. Consider the smallest number in each r-dimensional
cube that was found in the r-th step. By the induction hypothesis we have

fﬁ—i such different numbers, all of which in AC [ay,az]. Looking at all the

differences between those numbers, we get that if f;ﬁ‘%l >2 then there are at

o7 r 2
least (%) >1 (f‘;ff—:) many such differences, all between 1 and ¢. Using
2

1
the pigeonhole principle, we conclude that there is a ‘popular’ difference,
N
Or41, with at least %&- <f§ff—:) many occurrences. For such a ‘popular’

difference 9,11 and every pair of cubes at distance d,41 we have that

Prsy 59,8, YU Pris, i 1:61,60,.00 = Prisy 6, 608041
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This gives the required

1 -2\ -
a0 ( 42771 ) VPR
(r+1)-dimensional cubes.

To conclude the proof of Lemma 4.5 we need to show that for r <

loglog(?) —loglog(g), it holds that fﬁ—i > 2, which is equivalent to show-

ing that ¢ >2-4%~1.(1)2" It is clearly enough to show that ¢ > (2)%",
which follows since r <loglog(¢)—log log(é). This completes the proof of the
lemma. I

We now proceed with the proof of Lemma 4.1. Recall that we have to
find J§p that will be much larger than the other d;’s (in fact, it has to be
much larger than their sum, as we consider ¢ which is relatively small). We
therefore start by first choosing g and only then apply Lemma 4.5.

Let p,q be prime numbers such that:

L2 —or " _r
den, 2 [ A -2, B T

L2 |- —4r(n),—— —3In)| .
pel, 2 | ar, 3T (m)
Clearly, |I,| = |I4| =I'(n) and I'(n) < q¢—p < 3I'(n) for any such p and gq.

Theorem 2.6 implies that each of the intervals I, I,, contains at least 1%0-{;(;72

different prime numbers. By the pigeonhole principle, each of the intervals

I,,1, has a sub-interval of length n® that contains at least % . 1<f§n many

prime numbers. Denote these sub-intervals as I, I; respectively:

I, = [rp,mp + n] I, = [rq,rq + 1.

Looking at all the differences between pairs of primes in I x I}, we get
that there are at least ( m’fw)
rq —1p —n¢ and ry —r, +n. Hence, one of the differences occurs at least

2 many differences, each of which is between

(%)2 /2n¢ = W many times. Let dyp be that popular difference.
Clearly, property 4 holds from this choice of dy . Consider the following set

Aé{xelz’g | 46 € I}, = and x + & are primes} .

Obviously, A C Izl)’ and by the choice of dy we are guaranteed that |A| >

Let a=|Al/|L)] Zﬁ. Note that

n€
2(12-logn)? " 12-logn)

4
log log(n®) — log log < )

«
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loglogn

> loglog(n) — logloglog(n) — log(1/¢) — O(1) > 5

We now apply Lemma 4.5 with parameters

1

and obtain that there exists an p-dimensional cube B= P, .5, € A. By

the definition of A it follows that all the elements in B+ &= {b+ g |be€ B}
are prime numbers. Our final (r+ 1)-dimensional cube is therefore,

m
P$;507517_._75H = {:c + Zai - 0; | Vi a; € {0, 1}} .

1=0

We note that Lemma 4.5 also guarantees that all the d;’s are positive and
that

n
ALN "5 < |I| =n". I
=1

4.2. Omitted proofs

We now give the proofs of Claims 4.2, 4.3 and 4.4.
Proof of Claim 4.2. Recall that
B g
Toalt) = Y (FDZS W o)(0)

ae{0,1}# (30)
i (1) (=) 630y (1= aq) 6

Denote
J ifa; =1
czjn(i)£9i—1 ifa;=0andi<k
1 ifa;=0and i > k+1

This is consistent with the previous definition of ¢z (see Equation (16)).
By expanding ¥ (recall Equation (13)) and using the ¢z ’s we get that

Ha) = X ()T Yy (“)

ae{o,1}» j=0 J
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4IPS ca g (i)-0i

Considering the coefficients for different j’s we have the following cases.
Case 1: j < k. For every @ = (a1,...,a4,0,a;42,...,a,), let b =

(a1,...,a;,1,a542,...,a,). It is easy to verify that cz;, = Ch ik As
(—1)2i=19 = —(—1)25=1% we get that @ and b cancel each other.

gase 2: j > k. Quite similarly, for every é’:(cil,...,aj_l,O,ajH,...,au),
let b=(a1,...,aj-1,1,a;41,...,a,). Again, @ and b cancel each other.

Case 3: j=k. This is the only case where coefficients do not get canceled
out. We therefore get that

A Cia kL (B R ca k(66
G X 0FReaf (§) S0,
ac{0,1}»
as claimed. [

We now proceed to proving Claim 4.3. The specific properties of the cube
(that may have seemed somewhat arbitrary) play a major role in this proof.

Proof of Claim 4.3. Recall that ¢, , =®,15, r (Equation (18)). Therefore,

m

Lp,r(f) P+ Z Mp,i,r(f) 0 = dsp,k(T) = gpp—l-éo,k(r) (31)

i=1

= Lp+50,7"( p+ 60 + Z +60,z,r : 51

Rearranging (31) gives
(Lpr(f) — Lytsor(f)) P

= Lp+(50 r 50 + Z p+30,3, r - Mp,i,r(f)) < 0y

Recall that
| Lpr ()]s [ Lptso.r (F)] < 934, 1, 0.475—¢

and
| My (F)], | M5, (f)] < 2%#71 n0470e

(Equation (23)). By our choice of parameters we have that

10-0-50, ) - 00+ Z p+50ﬂ,7“ — Mp;r(f)) - i
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m
< 23u . n0.475—e . (50 + 251)
i=1
= n04757¢. (n) - polylog(n) = n'=¢ - poly log(n) < p.
As (Lp,(f)—Lpts,r(f))-p is an integer multiple of p, it must be the case
that Ly ,(f) — Lptsyr(f) =0. We now show that Lyys, -(f) =0 which will
conclude the proof.
As we just proved that Ly ,(f)— Lpts,.r(f) =0 we can rewrite (31) as

m

Lp+60,r(f) 0o = — Z (Mp+6o,i,r<f) - Mp,i,r(f)) - 0;.

i=1

Similarly to the previous argument we note that L5, (f)-do is an integer
multiple of dyp and that, by our choice of parameters (Lemma 4.1)

m
Z (MP+50,i,T(f) - Mp,i,r(f)) - 0;
i=1

I

< 9.9%u—1 ,04T5—¢ Zéi < 23 p04T5 - P(p) < 6.
i=1
Hence, Ly, ,(f)=0. This completes the proof of the claim. 1

Proof of Claim 4.4. By claim 4.2, ¢, ;,(t) is the sum of 2# (not necessarily
different) monomials. To prove that the different monomials do not cancel
each other we will show that there is a unique monomial of maximal degree.
Note that for every @€ {0,1}" we have a monomial of degree > %' ¢z 1 1 (7) -
in ¢p7k(t)' Let

as(1,1,...,1,0,0,...,0).

k n—k

Then, for every other binary vector G£be {0,1}" we have the following: For

i<k, ¢, (1) <k=czpx(i) and the inequality is strong if b; =0. For i > k+1,
Cp (1) <i=cg k(i) and the inequality is strong if b; =1.

Asa #l;, it follows that ¢y, <cg . Namely,

Vi € [1,#]: Cg,k,k(i) < Co‘i,k,k(i) and Ji € [1,M]Z Cl;,k,k(i) < Cd‘,k’,k(i)-

Since all the §;’s are positive, we get that > £, Cp o (3) 0 < S cann(i)-6i,
and the monomial that corresponds to @ is the unique monomial of maximal
degree. |
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5. The range of a degree d polynomial

In this section we prove Theorem 1.3. It will be an easy corollary of The-
orem 1.4 which we first prove. The proof is quite elementary and basically
follows from averaging arguments. At the end of the section we present a
possible approach for improving our results using the Chebyshev polyno-
mials, however at this stage we get more general results using our simple
argument. To ease the reading we repeat the statement of Theorem 1.4.

Theorem 5.1 (Theorem 1.4). Let f: R—R be a degree d monic polyno-

mial. Then, max;e,, | ()] > (% )d. In particular, if f: Z—7 is a degree
d polynomial (not necessarily momc) then

|f()|>1 n—d d> 1 n—d\?

max — . . .

1€[0,n] d! 2e T VT7d 2d

Proof of Theorem 1.4. For d =1 the theorem holds. So we can assume
w.l.o.g that d>2. Consider the factorization of f over C,

(z — a). (32)

~
&
I
'E&

Recall that if a; € C is a root of f then its conjugate &; is also a root of f.
As we are interested in bounding the range of f from below, we can assume
w.l.o.g. that all the roots of f are real. Indeed, for any complex a and real x
it holds that (z—a)-(z—a&) > (r—R(a))?, where R(a) is the real part of a.

We would like to give a lower bound on the maximum (absolute) value
of f by showing that the product ]!, f(i) is large. However, since some of
the i’s can be roots of f, or very close to roots of f, we need to remove them
from the product first.

Call an element i € [0,n] an approzimate root of f if there is a root of f, o
(in the notations of Equation (32)), such that'3 round(a;)=1. Clearly, there
are at most d approximate roots in the set [0,n]. Denote with S C[0,n] the
set of all 7 € [0,n] such that 7 is not an approximate root. Clearly | S| >n+1—d.
Note that

1

Ell
max |f(i |>[H|f ] : (33)

1€[0,n] ies

3 round(z) is the integer closest to , if 2 =i+ 1/2 then round(x) =4. In other words,

round(z)=[z—1/2].
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d
[Tir@r =111 - el (34)

i€S j=1i€s
it will suffice for our needs to bound from below the value of each product
[Licsli— ;| and then apply it in Equation 33.

Fix some j € [d]. Notice that the closest element to a; in S has distance
at least 1/2 from it. The next element has distance at least 1 from it. The
next has distance at least 3/2 from it, etc. In other words, if we sort the
elements in S according to their distances from «;, S = {i1,...,i|g}, then
the k element, i; will be at distance at least k/2. Hence,

S| S|
. . koS!
[T o= T - > T & - 2
€S k=1 k=1
S|
> ('25‘) \/3715], (35)

where inequality (x) follows from Stirling’s formula (Theorem 2.1). Plugging
Equation (35) back to Equations (34) and (33) we get

1

(@)S'Wr 151

— (2]S]) 7" - <\2f>;)d N (n;ed)d'

This proves the first statement of the theorem. For the second statement
we note that if f is a polynomial mapping integers to integers then by
Theorem 2.3 the coefficient of % in f is an integer multiple of 1/d!. In
particular there is an integer ¢#0 such that (d!/c)- f(z) is monic. Therefore,
‘ c
max |f(1)] = ’—‘ - max

d 1 /n—d\*
i€l d!l " iefon) c'f(z)‘ ~ d!'< 2¢ >
1 (n—d)d
> . ,
V7d \ 2d

where we used Stirling’s formula (and the assumption that d>2) in the last
inequality. |

max | (i)l

1€]0,n]

v

We believe that Theorem 1.4 can be improved. Nevertheless, the next
example shows that the theorem is not far from being tight.
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Example 5.2. For an odd integer n and an even integer d <n, the polyno-
n—d+1

mial f(x)= (3‘“7 e ) is a degree d polynomial mapping [0,n] to [0

nd
9dql)-
Proof. It is not difficult to see that since d is even, f(z) = f(n—z). In
particular, f(z)>0 for all x €[0,n]. Furthermore, for all r €[0,n]

nt+d—1 1 2_q d/2 d
sy ) <a () <

This upper bound is larger by a factor of (roughly) e? from the lower
bound on the range that is stated in Theorem 1.4. It is an interesting question
to understand the ‘correct’ bound.

To derive Theorem 1.3 we will need the following easy property of the

function .
1 n—x
Dolx) 2 —— . .
02 (M5

Lemma 5.3. In the real interval [1,n] the function D, (x) is first strictly
increasing and then strictly decreasing. Furthermore, it attains its maximum
at some 0.135-n<x<0.136-n (for n>450).

Proof. It is clearly sufficient to prove that the function

In(Dy(x)) = In <\/1775 ' <n2_xx>z>

=zlnn—z)—zlhr—2zn2 - §lnx— 51117

has the claimed property. This will follow from the observation that the
second derivative of In(D,(x)) is negative. Indeed,

T n(m)—1—1In(2) — —

n—=x 2z

(In(Dy(z))) = In(n — z) —

and
(Do) = ——— "L 1

n—z (n—x)? 1z 22

where the last inequality holds since x> 1.

To see the ‘furthermore’ part we note that (In(D,))’(0.135-n) >0 for n>
450 and that (In(D,,))’(0.136-n) <0 for every n. Hence, by the intermediate
value theorem, (In(D,(z))) = 0 for some 0.135-n < x < 0.136 -n (when
n>450). 1

We denote the unique maximum point of D,, as xp,,.
We can now derive Theorem 1.3.
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Proof of Theorem 1.3. If deg(f) < d—1 we are done. We may there-
fore assume that deg(f) > d. If deg(f) < zp, then by Theorem 1.4 and
Lemma 5.3, we get that the maximal value that f attains on [0,n] is larger
than D, (deg(f)) > Dn(d) > \%—d . (%l)d, in contradiction to the assump-

tion of the theorem. Since D, (x) is decreasing for x > zp, we observe, by
substituting «=1n—1.2555- [dln(”z—_dd) — 21n(%)] into Dy, that

D, <;n— 1.2555 - [dln( 2dd> - %m (Z)D > \/1771- <”2_dd>d.

Indeed, it is not hard to see that for any ¢ such that ¢<n/3—0.136-n (which
in particular means that xp, <n/3—c) it holds that

_ 1 n—(n/3-¢)\""
D,(n/3—c) = 7(n/3—0)-< 2n/3 — 2c >

n/3—c
1 . ( L, 32 >
7(n/3 —c) n/3—c
< (%) 1 . o0-531:3¢/2
B ™m

— /3. . £0-7965c—5 In(n/d)
V7d ’

where to prove inequality (x) we used the simple fact that (1+£L") >e
x <2.1765, together with the bound on c. In our case, since d< 15N, it is not

hard to verify that ¢£1.2555- [dIn("%+2)+11n(%)] satisfies c<n/3 0.136-n
(for n large enough) as required.
We therefore obtain that

D, (;n —1.2555 - [dln ( 2dd> _ %m (Z)D

>3 1 60.7965-0—%ln(n/d)

—_
1
w

0.531-x for

a) 1 (n - d)d
> 2d = —— - ,
V 7d V7d 2d
as claimed. By Lemma 5.3, deg(f)> %n— 1.2555- [dln (”T_dd) — %ln (%)] |

To summarize, Theorem 1.3 uses the fact that D,, has a unique maximum,
xp,, and aims to find, for a given degree d < xp, , another degree d' > xp
such that D,,(d') >D,(d). In the theorem we gave a relatively simple way to
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derive d’ from d. With more work one can push this result for d’s closer to
Ip,, -

We note that Theorem 1.3 implies that when 2(n) <deg(f)<(1—¢€)n/3
then the range of f is exponential in n. As a corollary of Example 5.2 one

can show that if we allow the range to be as large as O ((1‘*'2—‘/5)”> then f

n+d—1
can have any degree. Indeed, taking the maximum over ( 2 ), when d+n

is odd, we get an upper bound on that range that is smaller than the n-th
Fibonacci number, FIB,,.

n+d—1

Lemma 5.4. For integers d,n such that n+d is odd, let R, 4 = ( 2 ),
and set

R, £ max{R, 4| d € [0,n],d+n is odd }.
Then, R, <R,_1+ R, _o for n>2.

Proof. Since n > 2, we can assume that the maximum of R, 4 is achieved

for some d > 0. We use the combinatorial identity (T]Z) = (m,; 1) + (7]?:11) to
conclude that:

nbd-1 ntd=1 _ nbd=1 _
ma=(5) =05 (i)
(n—2)+d-1 (n=1)4+(d—1)—1
— 2 2
(s ) ()

=R, 24+ Ry_14-1

Maximizing over d in both sides we conclude that R, <R, o+ R, _1. I
As an immediate corollary, using the fact that Ry = Re =1, we deduce

that .
R, <FIB, < . [L2V2)
NG

which completes our argument.

5.1. A possible route for improvements

In this section we present a possible approach towards improving Theo-
rem 1.3, when d <./n/2, based on Chebyshev polynomials. We will only give
a sketch of the approach and we will not cover all necessary background on
Chebyshev polynomials. The interested reader is referred to [14].
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A natural approach to proving that a polynomial must take large values is
by comparing it to the Chebyshev polynomial of the same degree. Roughly,
the Chebyshev polynomial of degree d is defined on the real interval [—1,1]
in the following way:

Ty(x) = cos(d arccos(z)).

It is not hard to prove that T, is a degree d polynomial, having exactly
d roots in the interval [—1,1], that its leading coefficient is 297! and that
it has d+ 1 extremal values in the same interval, on which it is equal, in

absolute value, to 1. Specifically, its roots lie on the points cos(ﬂmfd_l)) and
its extremal points are cos(%k), on which it alternates between 1 and —1.
A well known fact of the Chebyshev polynomials is that among the degree
d monic polynomials the polynomial f;(z)=2'"9Ty(z) whose maximum on
the real interval [—1,1] is the smallest and equals 21~

The problem in using this fact is that we are interested in the maximum
of a function on a relatively small set of points. Consider a polynomial
f:[0,n]=[0,m]. Let g(x) = f(52+%). Thus g: [-1,1] = [0,m], (where [-1,1]
is the real interval) and we are interested in the value of g on the points
{—1,—1+%,—1+%,...,1}. Denote for simplicity xp=2k/n—1, k=0,...,n.
We would like to say that as T, obtains the smallest maximum on [—1,1]
then (after we normalize g by its leading coefficient) it must obtain a value
larger than 2'~% on one of the z;’s. However, all that we know is that the
maximum of g on the whole interval [—1,1] is large and not necessarily on
one of the z}’s.

To tackle this problem one has to prove that the values that T; obtains
on the xy’s is relatively large (close to its overall maximum). A possible way
for proving this is by observing that we can find a point x; near any extremal
point and then, since we have a reasonable bound on the derivative of T},
conclude that T obtains a relatively large value there as well. This approach
in fact works; Since the derivative of Ty is bounded by d? it follows that when
d < +/n/2 there are d+ 1 points among the z;’s on which Ty, alternates in
sign and obtains absolute value larger than, say, 1/2. Now, let § = g/g4,
where gy is the leading coefficient of g. Assume that |g(xy)| < %-21_d, for
every k. Then the polynomial 2'~T,; — g has degree at most d—1 (it is the
difference of two degree d monic polynomials) and it changes sign d times
(between the z’s on which T; obtains large value), which is a contradiction.
It therefore follows that maxe(o ) [9(7x)| > %]gd\Ql*d. As gq equals fg(n/2)%,
where f; is the leading coefficient of f, and since |fy| > %, we get that
maxe(o,n] lf(k)| = mMaXze(o,n] lg(zp)| >27% (n/2)%/d! = 2%2!. We summarize
this in the next theorem.
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Theorem 5.5. There exists a constant ng such that for every two integers
d,n such that n>ng and d <./n/2 it holds that if f: Z — Z is a degree d

polynomial (not necessarily monic) then max;co ) | f(7)| > 2%;!.

This result is slightly better than the bound max;e(o,, | f (i) > 7 - (”T_ed)d
that was obtained in the proof of Theorem 1.4, but it holds only for d </n/2.
We note, however, that this approach cannot work for d=w(y/n) as for such
large d many roots of T are very close to each other. Indeed, the distances
among the first roots (and among the last roots) are smaller than 1/n while
the x,’s are separated from one another. For that reason we cannot use
Theorem 5.5 instead of Theorem 1.4; In order to show that the degree must
be larger than £2(n) we must claim something about the range of polynomials
of degree, say, n/log(n) and Theorem 5.5 does not give any information in
this case.

5.2. The case of small degrees

In this section we give two small improvements for the case of polynomials
of degrees 1 or 2. The first improvement concerns polynomials whose range
is (roughly) [0,n2475].

Theorem 5.6. For every 0 < € there exists ng such that for every integer
ng <n the following holds: Every

f:[0,n] = [0, n2'475_6]
must satisfy deg(f) <2 or deg(f)>n/2—2n/loglogn.

Notice that Theorem 1.3 implies that if the range of f is, say, [0,n%/1000]
then either deg(f) <2 or deg(f)>n/3—0(logn). Thus, the improvement that
Theorem 5.6 gives is that if the range is [0,n2477¢] then either deg(f) <2
(as before) or it is at least n/2 —2n/loglogn (compared to roughly n/3).
The proof is quite similar to the proof of Lemma 3.1.

Proof. We first explain how ng is defined. A corollary of Theorem 1.1 is
that there exists ny such that for every n>nj and f: [0,n]— [0, 1704757,
either deg(f) <1 or deg(f)>n—4n/loglogn. Define ny (guaranteed to exist
from Theorem 2.6) such that for every n>mns it holds that there is a prime
number in the range [% —I'(n),%] and such that I'(n) =n%%? <2 — 2. We
set ng=max(2n1,n2).
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The proof is by a reduction to Theorem 1.1. Let p e [§ —I'(n), 5] be a
prime number. If deg(f)>p then we are done, as in this case

deg(f) =p > g —I'(n) > % — 2n/loglogn.

Therefore, we may assume that deg(f)<p. By Lemma 2.4, working modulo
p, we get that f(r) =, f(p+r) for every r € [0,n—p|. As in the proof of
Lemma 3.1, we consider the polynomial g(r)= W which is defined
over r€[0,n—p|. It follows that

_n2.4757€ n2.4757e
g:[0,n—p| — : C [-3- 0475 3. pldT]
p p

1.475—¢

In particular, g+3-n maps [0,n/2] to

[O, 6 - n1.475—6:| g [07 17(n/2)1.475—6] .

Since n > ng > 2n; Theorem 1.1 implies that either deg(g) <1 or deg(g) >
n/2—2n/loglogn. By Lemma 2.9 we get that deg(f) <deg(g)+1 and so the
case deg(g) <1 translates to deg(f) <2. In the second case where deg(g) >
n/2—2n/loglogn we get the same conclusion for f as deg(g) <deg(f). 1

As an immediate corollary we get our second improvement that provides
a strengthening of Lemma 3.2.

Corollary 5.7. There exists a constant ng such that if n > ng and
2 2

f:0,n] — [0, {%H is a polynomial then deg(f) <1 or deg(f) >

n/2—2n/loglogn.

Proof. Lemma 3.2 implies that if deg(f)>1 then it is at least n/12—1I"(n).

However, by Theorem 5.6 we get that actually deg(f)>n/2—2n/loglogn. I

The example given after Lemma 3.2, f(z) = (x_;%l), gives a degree 2

polynomial mapping [0,n] to [O, "2§ 1}. Thus, up to an additive O(n'0%)
term, the range in Corollary 5.7 is tight.

6. Proof of Theorem 1.5

In this section we prove Theorem 1.5. The proof is based on a reduction
to the Shortest Vector Problem (SVP) in Lattice Theory. In section 6.1 we
introduce basic definitions and tools from lattice theory. We then turn to
prove Theorem 1.5 in section 6.2.
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6.1. Basic properties of lattices

Definition 6.1. Let by, bo,... by, be linearly independent vectors in R™ (ob-
viously n<m). We define the lattice generated by them as

A(bl,bg,...,bn) = {Zl‘zbz T; € Z} .
=1

We refer to by,bs,...,b, as a basis of the lattice. More compactly, if B is the
m X n matrix whose columns are by,bo,...,b,, then we define

A(B) = A(by, bs, ..., by) = {Ba: x € Z"}.

We say that the rank of the lattice is n and its dimension is m. The lattice
is called a full-rank lattice if n=m. The determinant of A(B) is defined as
det (A(B)) = +/det (BT B). Although a basis of a lattice is not unique, e.g.,
both {(0,1)7,(1,0)"} and {(1,1),(2,1)"} span Z?, it can be shown that
the determinant of a lattice is independent of the choice of basis.

Definition 6.2. Let K be a bounded and open convex set in R™, which is
symmetric around the origin. Let A be a lattice of rank n. For i € [n], the
i-th successive minimum with respect to K is defined as

Xi(A, K) =inf {r: dim (span (ANrK)) > i}
where rK ={rz: x€ K}.

We shall need the following theorem, due to Minkowski. A proof can be
found in, e.g., [9].

Theorem 6.3. For any full-rank lattice A of rank n,

[]2i(A, K) - vol(K) < 2" det A.
=1

We will take K to be the set (—1,1)". Thus, K has volume 2", and it
is clearly a bounded and open convex set, which is symmetric around the
origin. For this K, Theorem 6.3 gives an upper bound on the length of
shortest vectors in lattices with respect to the L° norm. Note that this is
slightly unusual, as in most applications one considers the shortest vectors
with respect to the L? norm.
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6.2. Proof of Theorem 1.5

The idea behind the proof of Theorem 1.5 is roughly as follows. We identify
each function f: [0,n] —Z with its set of values (f(0), f(1),...,f(n)). That
is, we think of functions as vectors in Z"*!. We shall construct a lattice in
R™*! which is not full-rank, and contains only points representing polyno-
mials of degree deg(f) <n—k. We then prove that this lattice has many (at
least 2k+2) linearly independent short vectors with L°°-norm smaller than
O(2%), i.e. many linearly independent polynomials whose image is (some-
what) bounded. One of these polynomials must be of degree at least 2k+1.
For technical reasons we will not work with the lattice described above but
rather we shall consider a full rank lattice obtained by adding ‘long’ orthog-
onal vectors to the basis of our initial lattice.

Proof of Theorem 1.5. Set D = n —k and let m = O(2%).1* We now
describe the basis for the lattice. For i € [0, D] define the vector b; € R**!
as follows: (b;); = (Z), for j = 0,...,n. Notice that b; corresponds to the
polynomial f;(x)=(%). Let bp41,...,by, €R™! be arbitrary vectors of length
M 2 (m/241)-y/n+1, such that for every i€ [D+1,n], b; is orthogonal to
by for all ki (we can find such b; by, say, the Gram-Schmidt procedure).
Denote by B the matrix whose columns are by, ...,b, and let A, p=A(B).

Lemma 6.4.
det (A, p) < 2 HPHN(M=D)/2 . pn=D.

We defer the proof of the lemma and continue with the proof of The-
orem 1.5. By a theorem of Minkowski (see Theorem 6.3) and the choice
K=(-1,1)""! we get

n+1
[T Xi(4n.p, K) - vol(K) < 271 - det Ay p. (36)
i=1

Note that for i > D +2, \j(A, p,K)>M/+/n+1. Indeed, if u is a point in
A, p with a non-zero coefficient for some b;, i > D+1, then by orthogonality
and the fact that the length of such b; is M, we have that u has L? norm
at least M, and hence its L> norm is at least M/y/n+1. Combining this
observation with Equation (36), the fact that vol(K)=2"*! and Lemma 6.4,

we get
D+1

[T XA p, K) < 20 PHDED2. (i Ty (37)
=1

4 The exact value of m will be determined later.
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Estimating the LHS from below gives

D+1 D+1

I] N4np, K) = J] M(Anp, K) > Agpga(Anp, K)P72*. (38)
=1 1=2k+2

Combining Equations (37) and (38), we get

(n+D+1)(n—D) D (2n—k+1)k k

Aopso(Anp, K) <2 20-20 . (/n+4 1)D2k =2 2030 . (v/n+ 1)7-5%

k2+k logn

_9k.9 ( n=3k )20(2’“), (39)

where the last step is due to the assumption that k=0O(y/n). In particular,
for a large enough n there is some constant 8 such that Aog12(Ay p, K) < B2k,
Letting m=232F, we get that Aog2(An p, K) <m/2. Hence, by definition of
A2k+2, there are 2k+2 linearly independent vectors, in A,, p whose L°-norm
is not greater than m/2, i.e. they all lie in A, p N[—m/2,m/2]" 1.

Let v be any such vector. Denote with v =" ;b; its representation
according to the basis B. Recall that all the coefficients a; are integers.
As ||vlle < v]|oo - VR+1 <m/2-y/n+1 < M and since for every j > D,
l|lbjll2=M, we get, by orthogonality, that ap;1=apyo=---=0a, =0. Hence,
for £€[0,n], the ¢-th coordinate of v is equal to vy :Ziz 00 (f) Therefore,
the polynomial f,(x) :Zi’io o; (%) satisfies f,(¢) =wvy for every £€[0,n]. As
ve[-m/2,m/2]" we get that f,(z): [0,n] —[—m/2,m/2] is a polynomial
of degree at most D.

To complete the proof we need to show that we can pick v such that
deg(fy)>2k+1. Indeed, since there are 2k+2 linearly independent vectors
in A, pN[—m/2,m/2]" ", we get 2k +2 linearly independent polynomials
fv. Consequently, there must exist v € A, p N [—m/2,m/2]"" such that
deg(fy) > 2k +1. The polynomial we were looking for is therefore, f(x) =
folz)+m/2.

This completes the proof of Theorem 1.5. |

Remark 6.5. Note that when k is a constant integer, we get from (39) that
there is a nonconstant polynomial f: [n] — [2-2F] of degree deg(f) <n —k,
for a large enough n (specifically, n > c-k%-2* for some global constant c is
enough). Combining this with Theorem 1.1 we conclude that

n—0

n
— | < <n-—k.
<10g logn) <deg(f)=n—k
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Also note that Theorem 1.5 implies that for k=1log(n) —O(1) there is a
nonconstant polynomial f: [n]— [n—1] of degree 2k <deg(f) <n—k. Again,
combining with Theorem 1.1 we conclude that

n—0 <bgﬁ)gn> < deg(f) < n —log(n) + O(1).

Remark 6.6. Even for k <n/10 we would get from (39) that m = 20%*),
Combining this with Example 5.2 for k in the range [n/10,n], it follows that
for any integer 1 <k <n there is a nontrivial polynomial of deg(f) <n—k

and range bounded by m=20%)

We now prove Lemma 6.4.

Proof of Lemma 6.4. By the orthogonality of bp1,...,bn

det An,D = det (bo, ey bn)

= det (bo,....bp) - [ lbill2
i=D+1

= det (bg,...,bp) - Mn_D,

and so it is enough to show that det (by,...,bp) < 200HP+HD(M=D)/2 et
By, p be the (n+1) x (D +1) matrix with columns by,...bp. By definition,

det (bo,...,bp)=/det(BI , B, p). Using basic rows and columns operations

on B, one can show that det(BiDBn,D) =det (Ag,DAnvD)'(H’L";O i!) , where

Anp is a (n+1) x (D+1) matrix with entries (A4, p);;=4’.1> The matrix
Cn.D éAZ;DAn,D has the form (Cy, p)ij=> /0 073 for 0<i,7 < D. In [20],
the determinant of C), p, which is a Vandermondian matriz, was computed.

Theorem 6.7 ([20] subsection 6.10.4.).

Anp 2 det(C, p) = > (V(ko, k1, ..., kp))?,

0<ko<ki<--<kp<n

where V (ko,k1,...,kp) is the determinant of the usual Vandermonde matrix
with parameters ko, k1,...,kp. That is,

Viko, ki, ....kp) =[] (b — k).

0<i<j<D

5 It is easy to prove this by, say, induction on j.
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To get a more explicit upper bound on the determinant of C, p, A, p,
we prove the following lemma.

Lemma 6.8. For any integer {>0, Apysp < AD+4_17D-4D+Z.

We postpone the proof of Lemma 6.8 and continue with the proof. We note

that
2

D 2
App=| II G- = <H@'> ,
0<i<j<D i=1
and so, applying Lemma 6.8 multiple times, we get

An,D < Anfl,D 4" < Aan,D . 4n+(n—1) <---
o < Ap p - AP DD+

D 2
_ <H i!) . 9(D+n+1)(n—D)
=1

Therefore,

(det (bo, . ..,bp))* = det (BL , B, p)

D -2
= det(Cp.p) - (Hu)
i=1
D -2

i=1
Taking the square root of both sides we obtain Lemma 6.4. |
We now prove Lemma 6.8.

Proof of Lemma 6.8. We shall map each of the sequences 0 < kg < k1 <
ky<...<kp <D+ to asequence 0 <kj<kj <kh<.. <kh<D+{—1 as
follows:

1. f kp<D+/{¢—1, then Vi€ [0,D]: ki =k;.

2. If 1<k, then Vi€ [0,D]: ki =k; — 1.

3. Otherwise, let 0 <t < D be the first index satisfying k; < kiy1 — 1. Note
that there is such an index since kg=0, kp=D+/ and £>0. We set

. k; ifi <t
o k; — 1 otherwise.
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Note that 0 < kj <k} <k <...<klp, <D+{¢—1, and that at most D +2
sequences 0 < kg < k1 < ko < ... < kp < D+ were mapped to the same
sequence 0<k{<kj <kj<...<kp,<D+{—1. We now wish to give an upper
bound on

V(ko,kl, ey kD) . Hi<j k‘ - ki

V (kG Ky ) N ]_[Kj k:; K.
In Cases 1,2 Equation (40) equals 1 since the mapping does not affect the
differences between the k;’s. In Case 3 we have

(40)

ki — ki
(40):%
H1<J o
k _kl k]_kz kj—kiz
=1 =y W = 1 o=
i<j<t J vog<t<y iop<i<g i
B ) N N
i<j<tkj—k‘i i<i< kj—1—k; 12i< (kj—1)— (ki — 1)
=0 j=t+1

t D
Hj:t+1 kj — ki
D
i=0 Hj:t+1 kj—1—k

Note, that by definition of ¢ it must be the case that ko =0, k1 =1,...
ki=t and k1o >t+2. Therefore,

?

t t+1
H(kt+1 —1 —k) > HZ,
=0 =1

and
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< D+¢ > 2D+t

< <

(D+1£)/2 15-(D+0)

where the last inequality follows from Stirling’s approximation for a large
enough D. Hence

Apiep = > (V(ko, k1, - - kp))?
0<ko<k1<--<kp<D+{

Z ( 2D+Z >2 o o

< S — TN T N

0<ko<...<kp<D-+{ L5 (D +1)
4D+t

5 oan 2 V0. k)

L5 (D + g) 0<ko<...<kp<D+¢

<= V(kh, ... kp)?
L5-(D+6) 0<kly<...<kh <D+f—1

< 4Pt Apieap,

where inequality (*) holds as at most D+2 sequences 0<ko<k; <k <...<
kp <D +{ were mapped to the same sequence 0 <k( <kj <k <...<kl <
D+/{¢—1, as mentioned above. This completes the proof of the lemma. |

7. Back to the Boolean case

In this section we consider the Boolean case. Specifically, let m = 1 and
n=p? —1 for some prime p. We prove that in this case the degree must be
at least n—+/n. For completeness, we also give a proof for the case n=p—1,
that was previously proved in [6].

Proof of Theorem 1.6. Let f be as in the statement of the theorem and
assume that deg(f)<p?—p. By Lemma 2.4 we get that for all 7€ [0,p—1]

p2_p_ k P2—p ") —
kzo( 1)< L >f(k+ ) =0. (41)

Since p>—p = (p—1)p+0, it follows, by Lucas’ theorem, that if k = k1p+ko, is the
base p representation of k, then (p2];p) =,0 when ky#0 and (p2];p) =, (-Dk
when kg=0. Therefore, (41) is equivalent to

p—1

p?—p 2
0= S 0 (7)) = X )
k=0

k1=0
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Note that the RHS contains exactly p summands. As they are all in {0,1}
they must all be equal in order for their sum to be 0 modulo p. We thus get
that for every r € [0,p—1], f(r)=f(p+7r)=...= f((p—1)p+r). In other
words, if we set g(z)= f(z+p) — f(z) then g(z)=0 for z€[0,p?> —p—1].

If g is identically zero, then Lemma 2.9 implies that deg(f)=0, i.e., that
f is constant, as claimed. Otherwise, since g has p? — p zeroes, it follows
that deg(g) > p® — p. This is a contradiction as deg(f) > deg(g) (in fact,

deg(f)=deg(g)+1). |

For completeness we also prove the following result of [6].

Theorem 7.1 ([6]). Let p be a prime number, n=p—1 and f: [0,n] —{0,1}
be nonconstant. Then deg(f)=p—1=n.

Proof. Assume that deg(f)<n. As in the proof of Theorem 1.6, we apply
Lemma 2.4 and Lucas’ theorem to obtain

p—1 p— 1 p—1
0= 0H (" st = X s
k=0 k=0
Again, it must be the case that f(0)=f(1)=...= f(p—1), i.e., f is constant. I

8. Discussion

We proved that it is ‘hard’ for polynomials to ‘compress’ the interval [0,n].
Namely, that any such nonconstant polynomial to a strict subset of [0,n]
must have degree n —o(n). We also proved that if we allow m = % : ("Q—_Ed)d
then f can of course have degree < d, but all other polynomials mapping
[0,n] to [0,m] must have degree > n/3 —o(n). We are not able to prove
however that our results are tight. In particular we believe that they can be
improved both for the case m <n and for the case of large m. We note that
the following question, posed by von zur Gathen and Roche, is still open: “..
for each m there is a constant Cy, such that deg(f)>n—Cy,”. Furthermore,
when m =1 they raise the possibility that C1 =3. As an intermediate goal it
will be interesting to manage to break the n—I"(n) upper bound. Specifically,
show that when f € Fi(n) is nonconstant, deg(f) >n—+/n. It seems that
new techniques are required in order to prove this claim as all current proofs
are based on modular calculations and we cannot guarantee the existence
of a prime p in the range [n—+/n,n]. For the special case that n=p?—1 we
managed to obtain such a result, and of course when n =p—1 a stronger
result is known, but the general case is still open.
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Another intriguing question is to understand what is the minimal range
that a polynomial mapping integers to integers of degree exactly d can have.
We note that in Example 5.2 the degree is d and the range is (roughly)

of size % . (%)d. Theorem 1.3 asserts that if the degree is d then the range

n—d
2e

to - (%)d for d < \/n/2). It is an interesting question to understand the
‘correct” bound.

Finally, we think that it will be interesting to find examples that are
significantly better than those obtained in Theorem 1.5 and Example 5.2.

must be larger than (roughly) & ( )d (Theorem 5.5 actually improves it
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